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MIMO Rayleigh Channel Model

y = Hx + n

where

y ∈ Cr : the received signal,

x ∈ Ct : the transmitted signal,

n ∈ Cr : the noise,

H ∈ Cr×t : the channel gain matrix.

The elements of H are complex Gaussian with zero mean,
independent real and imaginary parts, each with variance 1/2.
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Log-normal Channel Model

y = hx + n

where

y ∈ C: the received signal,
x ∈ C : the transmitted signal,
n ∈ C: the noise,
h ∈ C: the channel gain.

fh(t) =
ξ√

2πσt
exp

(
− (ξ log(t)− µ)2

2σ2

)
with µ and σ being the mean and the variance of h and ξ = 10

log(10) .
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Motivation

What it is: A mathematical tool consisting in letting a certain
parameter (here SNR) go to extreme values (0 or +∞).

What it is used for: Description of limiting behaviors, in our
case channel capacity in high/low SNR regimes.

How it is done: By letting SNR → 0/+∞ in exact capacity
expression (excap) and deduce simple asymptotic capacity
expression (ascap) such that

excap(SNR) ≈ ascap(SNR)⇐⇒ lim
SNR→0/+∞

excap(SNR)

ascap(SNR)
= 1
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Example 1: MIMO Channel with no CSIT

General expression

C 1 = EH

[
log det

(
Ir +

SNR

t
HH†

)]

Low SNR asymptotic expression

C 1
0 = r SNR

High SNR asymptotic expression

C 1
∞ = m log(SNR)
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Low SNR capacity expression

Exact 2−2 channel capacity

High SNR capacity expression

SISO channel capacity

Figure : 2-2 MIMO channel capacity
with perfect CSI-R in nats per channel
use (npcu) versus SNR in dB.
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3−5  MIMO channel capacity

5−3 MIMO channel capacity

3−3 MIMO channel capacity

SISO channel capacity

Figure : MIMO channels capacities with
perfect CSI-R in nats per channel use
(npcu) versus SNR in dB.
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Example 2: MIMO Channel with full CSI at high SNR

General expression:

C 2 = mEλ
[
log (µλ)+]

where µ satisfies

SNR = mEλ
(
µ− 1

λ

)+

High SNR asymptotic expression

C 2
∞ = m log(SNR)
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High SNR asymptotic expression m log(SNR)

No CSI-T capacity

Figure : 3-3 MIMO channel capacity
with full CSI in nats per channel use
(npcu) versus SNR in dB.
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General Expression

MIMO channel capacity under Rayleigh fading with full CSI:

C 2 = max
Q:Tr[Q]≤Pavg

EH

[
log det

(
Ir +

1

N0
HQH†

)]
which is equivalent to

C 2 = mEλ
[
log (µλ)+]

where µ satisfies

SNR = mEλ
(
µ− 1

λ

)+
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Low SNR Asymptotic Expression

Full CSI MIMO Capacity at Low SNR

C 2
0 ≈


−α SNR W0

(
(SNR)

1
α

)
if α < 0,

−SNR log(SNR) if α = 0,

−α SNR W−1

(
−(SNR)

1
α

)
if α > 0,

≈ SNR log(1/SNR)

where α = n + m − 4, W0(.) and W−1(.) are the main and the
lower branches of the Lambert-W function, respectively.

No CSI-T Low SNR expression: C 1
0 = r SNR
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Exact full CSI capacity

Asymptotic expression - SNR log(SNR)

No CSI-T capacity

Figure : 2 transmit and 2 receive
antennas channel capacity at Low-SNR
in nats per channel use (npcu) versus
SNR in dB.
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SNR (dB)

Exact full CSI capacity

Low SNR Asymptotic expression −2 SNR W−1(−
√
SNR)

High SNR asymptotic expression m log(SNR)

No CSI-T capacity

Figure : 3 transmit and 3 receive
antennas channel capacity with full CSI
in nats per channel use (npcu) versus
SNR in dB.
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On-Off scheme in the full CSI case

Power Profile

P(λmax) =

{
P0 if λmax ≥ τ
0 otherwise

where P0 satisfies the average power
constraint

P0 =
SNR

1− Fλmax (τ)
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Exact full CSI capacity

On-Off capacity

No CSI-T capacity

Figure : (3-2) MIMO channel capacity
with full CSI and On-Off achievable rate
in nats per channel use (npcu) versus
SNR in dB.
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System Model

Channel gain matrix

H = Ĥ + H̃

where H̃ is the error matrix, and Ĥ is the estimated channel
matrix. So

H̃i ,j ∼ CN (0, e)

Ĥi ,j ∼ CN (0, 1− e)
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Asymptotic Expression

Noisy CSI-T MIMO Capacity at Low SNR

Cα0 ≈


−α(1− e) SNR W0

(
((1− e)SNR)

1
α

)
if α < 0,

−(1− e) SNR log((1− e)SNR) if α = 0,

−α(1− e) SNR W−1

(
−((1− e)SNR)

1
α

)
if α > 0,

≈ −(1− α) SNR log((1− α)SNR)

where α = n + m − 4,
e is the estimation error variance,
W0(.) and W−1(.) are the main and lower branches
of the Lambert-W function respectively.
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Full CSI-T exact capacity

Full CSI-T Asymptotic Capacity

Noisy CSI-T asymptotic capacity (α = 0.2)

Noisy CSI-T asymptotic capacity (α = 0.5)

No CSI-T capacity

Figure : 2 transmit and 2 receive antennas channel capacity with noisy
CSI-T at Low-SNR in nats per channel use (npcu) versus SNR in dB.
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Lognormal Channel Capacity with full CSI

General Expression

C = E
h2

[
log
( t
λ

)+
]

where λ is the water-filling level chosen to meet the power
constraint

Pavg = E
h2

[(
1

λ
− 1

t

)+
]

Low SNR Asymptotic Expression

Cln ≈ e
σ
ξ

√
− log(SNR2) SNR
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Asymptotic capacity (λ computed using asymptotic expression)

Exact capacity

Asymptotic capacity (λ evaluated numerically)

Figure : Log-normal channel capacity at Low-SNR for 0dB mean and 1
variance in nats per channel use (npcu) versus SNR in dB.
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On-Off scheme in Log-normal channel

Power Profile

P(h) =

{
P0 if h ≥ λ
0 otherwise

where P0 satisfies the average power
constraint

P0 =
SNR

1− Fh(λ)
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Exact capacity

On-Off rate

Figure : Lognormal channel capacity
with full CSI and On-Off achievable rate
for µ = 0dB, σ2 = 1 in nats per channel
use (npcu) versus SNR in dB.
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Exact capacity

On-Off rate

Figure : Lognormal channel capacity
with full CSI and On-Off achievable rate
for µ = 0dB, σ2 = 1 in nats per channel
use (npcu) versus SNR in dB.
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Thank you for your attention!

Your questions are welcome.
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